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GALOIS LINES FOR THE GIULIETTI–KORCHMA´ROS CURVE
SATORU FUKASAWA AND KAZUKI HIGASHINE
Abstract. We describe the arrangement of all Galois lines for the Giulietti–
Korchma´ros curve in the projective 3-space. As an application, we determine the
set of all Galois points for a plane model of the GK curve. This curve possesses
many Galois points.
1. Introduction
In Algebraic Geometry, the Hermitian curve
H : xq + x− yq+1 = 0
in the projective plane P2 over a field of characteristic p > 0 has many interesting
and important properties, where q is a power of p. The following beautiful theorem
presented by Homma in the theory of Galois point represents one of them (see
[7, 10, 12] for the definition of the Galois point):
Fact 1 ([6]). For the Hermitian curve H, the set of all Galois points coincides with
the set of all Fq2-rational points of P
2.
It would be good to obtain a result similar to the theorem of Homma. In this
article, we focus on the Giulietti–Korchma´ros curve.
The Giulietti–Korchma´ros curve X is an important class of maximal curves over
a finite field, which is described as a complete intersection of two hypersurfaces
xq + x− yq+1 = 0, and y((xq + x)q−1 − 1)− zq
2
−q+1 = 0
in P3 ([4]). Our main result is the following theorem on the arrangement of “Galois
lines” in P3 for the GK curve X (i.e. the projection from the line induces a Galois
extension, see [2, 11]).
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Theorem 1. The set of all Galois lines for X coincides with the set of all Fq2-lines
ℓ with ℓ ∋ (0 : 0 : 1 : 0) or ℓ ⊂ {Z = 0}.
Giulietti and Korchma´ros introduced a plane model
xq
3
+ x− (xq + x)q
2
−q+1 − zq
3+1 = 0
([4, Theorem 4]). The projective closure X ′ of this curve is the same as the image
πR(X ) under the projection πR : P
3
99K P
2 from the point R := (0 : 1 : 0 : 0). As
an application of Theorem 1, we will obtain the following.
Theorem 2. The set of all Galois points for X ′ coincides with the set
{(0 : 1 : 0)} ∪ (X ′ ∩ {Z = 0}).
It is important to find a new example of a plane curve with many Galois points, in
the theory of Galois point (see [12]). According to Theorem 2, the number of Galois
points in X ′ \ Sing(X ′) is exactly q + 1, where Sing(X ′) is the set of all singular
points of X ′.
2. Galois lines with degree q3
We consider the Giulietti–Korchma´ros curve over an algebraically closed field k
of characteristic p > 0. We take systems (X : Y : Z : W ) and (X : Z : W ) of
homogeneous coordinates of P3 and of P2 respectively. Let x = X/W , y = Y/W
and z = Z/W . For points P and Q ∈ P3 with P 6= Q, the line passing through P
and Q is denoted by PQ.
Let P∞ := (1 : 0 : 0 : 0) ∈ X and let ℓ∞ ⊂ P
3 be the line defined by Z = W = 0.
Then, P∞ ∈ ℓ∞, and ℓ∞ = RP∞. First, we show that ℓ∞ is a Galois line. Note that
the affine part XW of X given by W 6= 0 is the same as the curve defined by
xq + x− yq+1 = yq
2
− y − zq
2
−q+1 = 0.
The subgroup
G1 :=




1 bq 0 a
0 1 0 b
0 0 1 0
0 0 0 1


| a, b ∈ Fq2, a
q + a− bq+1 = 0


⊂ PGL(4, k)
of order q3 acts on X ([4, p. 238]). It is not difficult to check that k(X )G1 = k(z).
The extension k(X )/k(X )G1 coincides with the extension k(X )/k(z) induced by the
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projection πℓ∞ : P
3
99K P
1; (X : Y : Z : W ) 7→ (Z : W ) from ℓ∞. Therefore, ℓ∞ is a
Galois line with ℓ∞ ∩ X = {P∞}.
Note that ℓ∞ coincides with the tangent line of the Hermitian curve Z = X
qW +
XW q − Y q+1 = 0 at P∞. We infer that there exist q
3 + 1 Galois lines for X , by the
following theorem of Giulietti and Korchma´ros.
Fact 2 (A weak version of Theorem 7 in [4]). The full automorphism group Aut(X )
of X acts on X ∩ {Z = 0}, and the action of the subgroup Aut(X ) ∩ PGL(4, k) on
this set is doubly transitive.
We would like to show that the number of lines which induce a Galois extension
of degree q3 is at most q3 + 1. The following two lemmas are needed.
Lemma 1 (see [1], p.13). Let P ∈ X and let H ⊂ P3 be a hyperplane with H ∋ P .
(1) If P ∈ X ∩ {Z = 0}, then ordPH = 1, q
2 − q + 1 or q3 + 1.
(2) If P 6∈ X ∩ {Z = 0}, then ordPH = 1, q, q
3 or q3 + 1.
Lemma 2. Let H be the Hermitian curve given by Z = XW q +XW q − Y q+1 = 0
and let H(Fq2) be the set of all Fq2-rational points on H. For each line ℓ ⊂ {Z = 0},
#(H(Fq2) ∩ ℓ) = 0, 1 or q + 1.
Assume that a line ℓ ⊂ P3 induces a Galois extension of degree q3. Note that
the Galois group Gℓ of order q
3 acts on the set X ∩ {Z = 0} of cardinality q3 + 1,
by Fact 2. By a fact of group theory (see [9, Chapter 2, Section 1 (1.3)]), there
exists a point P ∈ X ∩ {Z = 0} fixed by any element of Gℓ. It follows from [8,
III. 8.2] that the ramification index at P is equal to q3 for the projection πℓ from
ℓ. We can assume that P = P∞. If P∞ 6∈ ℓ, then there exists a hyperplane H such
that ordP∞H = q
3. This is a contradiction to Lemma 1. Therefore, P∞ ∈ ℓ. Since
π−1ℓ (πℓ(P∞)) = {P∞}, the hyperplane W = 0 includes ℓ. Assume that ℓ 6⊂ {Z = 0}.
Then, ℓ∩{Z = 0} = {P∞} and #(X ∩{Z = 0}∩H) = 1 or q+1 for each hyperplane
H ⊃ ℓ, by Lemma 2. By Fact 2 and [8, III. 7.2], there exists a ramification point
different from P∞ with index a power of p. This is a contradiction to Lemma 1.
Therefore, ℓ is defined by Z = W = 0. The proof of the assertion for Galois lines
with [k(X ) : k(P1)] = q3 in Theorem 1 is completed.
We consider Galois points in X ′ \Sing(X ′). Note that Galois lines ℓ for X passing
through R = (0 : 1 : 0 : 0) correspond to Galois points P ∈ P2 for X ′, by ℓ 7→ πR(ℓ),
since the projection πR : X → X
′ is birational. Since all Galois lines ℓ with degree
4 SATORU FUKASAWA AND KAZUKI HIGASHINE
q3 are included in the plane {Z = 0}, all Galois points with degree q3 on X ′ are
contained in the line {Z = 0} in P2. Note that if a line ℓ with R ∈ ℓ ⊂ {Z = 0}
intersects X at q + 1 points, then πR(ℓ) ∈ Sing(X ). Considering Fq2-lines passing
through R, we infer that there exist exactly q + 1 Galois points on X ′ with degree
q3, which points are (α : 0 : β) ∈ P2 with αqβ + αβq = 0. The assertion in Theorem
2 for Galois points with degree q3 follows.
3. Galois lines with degree q3 + 1
We consider Galois lines ℓ ⊂ P3 with ℓ ∩ X = ∅. Let R′ = (0 : 0 : 1 : 0) and let
ℓ0 be the line defined by X = W = 0. Then, ℓ0 ∩ X = ∅, and ℓ0 coincides with the
line passing through R′ and R = (0 : 1 : 0 : 0). The subgroup
G2 :=




1 0 0 0
0 ζq
2
−q+1 0 0
0 0 ζ 0
0 0 0 1


| ζ ∈ k, ζq
3+1 = 1


⊂ PGL(4, k)
of order q3 + 1 acts on X . It is not difficult to check that k(X )G2 = k(x). The
extension k(X )/k(X )G2 coincides with the extension k(X )/k(x) induced by the pro-
jection πℓ0 : P
3
99K P
1; (X : Y : Z : W ) 7→ (X : W ) from ℓ0. Therefore, ℓ0 is a
Galois line with ℓ0 ∩ X = ∅.
By Fact 2, for each Fq2-rational point Q ∈ {Z = 0} \ X ⊂ P
3, there exists a
line ℓ ⊂ P3 with Q ∈ ℓ 6⊂ {Z = 0} such that πℓ induces a Galois extension of
degree q3 + 1. Therefore, the number of lines with required properties is at least
q4 + q2 + 1− (q3 + 1) = q4 − q3 + q2.
We consider the case where a Galois line ℓ is included in the plane Z = 0. Note
that the projection πℓ is not ramified at each points in X ∩ {Z = 0}. By Lemma 1
and [8, III. 7.2], the ramification index at all ramification points for πℓ is equal to
q3 + 1. By the Riemann–Hurwitz formula, the integer 2g − 2 + 2(q3 + 1) is divisible
by q3, for the genus g of X . This is a contradiction to [4, Theorem 2] (this integer
is equal to (q3 + 1)q2). Therefore, ℓ 6⊂ {Z = 0} holds for all Galois lines ℓ with
ℓ ∩ X = ∅.
Let ℓ ⊂ P3 be a line with ℓ ∩ {Z = 0} = {Q} 6⊂ X which induces a Galois
extension of degree q3 + 1. It follows from Lemma 2 that #(X ∩ {Z = 0} ∩H) = 0,
1 or q + 1, for each hyperplane H ⊃ ℓ. By Fact 2 and [8, III. 7.2], πℓ is ramified at
points in X ∩{Z = 0} with index q3+1 or q2− q+1. Note that if the index at P is
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q3+1, then the line QP is Fq2-rational. Considering lines in the plane Z = 0 passing
through Q, there exist at least two lines over Fq2 containing Q. Therefore, the point
Q is an Fq2-rational point. By Fact 2, we can assume that Q = R = (0 : 1 : 0 : 0).
We would like to show the uniqueness of the Galois line ℓ ∋ R with ℓ ∩ X = ∅.
We consider the projection πR : P
3
99K P
2. Since all points of X ∩ {Z = 0} are
ramification points for πℓ, all tangent lines at smooth points in X
′∩{Z = 0} contains
the point πR(ℓ). This implies that πR(ℓ) = (0 : 1 : 0). The uniqueness follows. This
observation also implies that the number of outer Galois points for X ′ is exactly
one.
Remark 1. The tangent line at each point of X ∩{Z = 0} passes through R′ = (0 :
0 : 1 : 0) (see [4, p.234]). Furthermore, R′ ∈ ℓ for all Galois lines ℓ with ℓ ∩ X = ∅.
Therefore, a Galois line ℓ with ℓ∩X = ∅ coincides with the line passing through R′
and an Fq2-rational point in the plane Z = 0 but not on X .
Remark 2. For each Galois line ℓ with ℓ∩X = ∅, the Galois group Gℓ includes the
subgroup 



1 0 0 0
0 1 0 0
0 0 η 0
0 0 0 1


| η ∈ k, ηq
2
−q+1 = 1


⊂ PGL(4, k).
Therefore, Gℓ ∩ Gℓ′ 6= {1} for each two Galois lines ℓ and ℓ
′ not intersecting X .
According to [3, Theorem 1], there exist no plane model of X realizing Gℓ and Gℓ′
as Galois groups at two outer Galois points.
4. Galois lines with degree at most q3 − 1
The tangent line at each point of X ∩ {Z = 0} is a Galois line. In fact, the
projection from the line Y = W = 0 induces the extension k(x, y, z)/k(y), and y is
fixed by automorphisms (x, y, z) 7→ (x+α, y, ηz), where αq+α = 0 and ηq
2
−q+1 = 1.
We show that any line ℓ ⊂ {Z = 0} such that ℓ ∩ X contains at least two
points is a Galois line. It follows from Lemma 2 that ℓ is Fq2-rational and contains
exactly q + 1 points of X . We consider the line Y = Z = 0. Then, the extension is
k(x, y, z)/k(y/z). The automorphisms σα : (x, y, z) 7→ (x+α, y, z) and τ : (x, y, z) 7→
(ξq+1x, ξy, ξz) act on X , where αq + α = 0 and ξ is a primitive (q − 1)-th root of
unity, and fix y/z. Note that the group generated by such q(q − 1) automorphisms
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fixes P∞. We consider the linear transformation ϕ on P
4 represented by
A =


1 0 0 ρq
0 1 0 0
0 0 −1 0
1 0 0 −ρ


,
where ρq + ρ = 1 (see [5]). Then, ϕ(X ) is given by
xq+1 − 1 = yq+1, and y
xq
2
− x
xq+1 − 1
= zq
2
−q+1.
The linear transformation ψ given by

β2 0 0 0
0 β 0 0
0 0 β 0
0 0 0 1


,
where β is a primitive (q+1)-th root of unity, acts on ϕ(X ). Since ϕ∗(y/z) = −y/z
and ψ∗(y/z) = y/z, µ∗ := (ϕ−1 ◦ ψ ◦ ϕ)∗ fixes y/z. Let G3 ⊂ Aut(X ) be the group
generated by τ, µ and all σα. Since β
2 6= 1, µ(P∞) = (β
2ρ+ρq : 0 : 0 : β2−1) 6= P∞.
It follows that G3 acts on X ∩ {Y = Z = 0} transitively. Therefore, there exist at
least q(q − 1) elements of G3 fixing P , for each point P ∈ X ∩ {Y = Z = 0}. It
follows that |G3| ≥ q(q − 1)(q + 1) and hence, the line Y = Z = 0 is a Galois line
whose Galois group is equal to G3. Furthermore, the image of this line under the
projection from an Fq2-rational point in {Y = Z = 0} \ X is a singular point of the
image of X , where the image of X is projectively equivalent to X ′, and this point is
also a Galois point.
Remark 3. The automorphism ϕ−1 ◦ ψ ◦ ϕ is represented by

β2ρ+ ρq 0 0 (β2 − 1)ρq+1
0 β 0 0
0 0 β 0
β2 − 1 0 0 β2ρq + ρ


.
Assume that a line ℓ ⊂ P3 induces a Galois extension of degree d ≤ q3 − 1. By
Lemma 2 and the previous paragraph, we can assume that ℓ 6⊂ {Z = 0}.
We consider the case where ℓ ∩ {Z = 0} = {Q} ⊂ X . We can assume that
Q = P∞ and ℓ is not the tangent line at P∞. Note that πP∞(X ) ⊂ P
2 is defined by
yq
2
− y = zq
2
−q+1, and the projection from each point of P2 is not birational onto
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P
1 for this curve. Since πℓ factors through the projection πP∞ , it follows that d > q.
By Lemma 2, for each hyperplane H ⊃ ℓ, #((X ∩ {Z = 0} ∩H) \ {P∞}) = 0 or q.
Then, there exists a ramification point different from P∞ with index d/q. It follows
from Lemma 1 that d = q(q2− q+1) or q. Therefore, d = q(q2− q+1). Let P1 and
P2 ∈ X ∩ {Z = 0} \ {P∞} with P∞P1 6= P∞P2. Then, ℓ is given by the intersection
of planes spanned by P∞P1 and R
′, P∞P2 and R
′. This implies that ℓ is the tangent
line at P∞. This is a contradiction.
We consider the case where ℓ ∩ {Z = 0} = {Q} 6⊂ X . By Lemma 2, ramification
indices for each points of X ∩ {Z = 0} are d or d/(q + 1). It follows from Lemma 1
that d = q2 − q + 1 or d = q + 1. Assume that d = q2 − q + 1 and q > 2. Then, for
each P ∈ X ∩ {Z = 0}, the line QP intersects X at a unique point P . Then, πℓ is
ramified at each point P ∈ X ∩ {Z = 0} and hence, the tangent line at P intersects
ℓ. If ℓ 6∋ R′, then the tangent lines are included in the plane spanned by ℓ and R′.
This is a contradiction. Therefore, ℓ ∋ R′. We can assume that Q is not Fq2-rational
and R′Q∩X consists of q2−q+1 points. Then, d = (q3+1)−(q2−q+1) = q2−q+1.
This is a contradiction. Assume that q = 2 and d = q2−q+1 = 3. If there exist two
lines in {Z = 0} containing q+1 points of X , then Q is Fq2-rational, since such lines
are Fq2-rational. We can assume that Q = R. Then, πR(ℓ) ∈ Sing(X
′) \ {Z = 0}.
This is a contradiction. Therefore, there exist points P1 and P2 ∈ X ∩{Z = 0} with
QP1 6= QP2 such that the tangent lines at P1 and P2 intersect ℓ. If R
′ 6∈ ℓ, then P1
and P2 are included in the plane spanned by ℓ and R
′. This is a contradiction to
that points Q, P1 and P2 are not collinear in the plane {Z = 0}. Therefore, ℓ ∋ R
′.
We can assume that Q is not Fq2-rational and R′Q∩X consists of q
2− q+1 points.
Then, d = (q3 + 1)− (q2 − q + 1) = q2 − q + 1. This is a contradiction.
Assume that d = q + 1. If q = 2, then d = q + 1 = q2 − q + 1. We can assume
that q > 2. It follows from Lemma 1 that, for each P ∈ X ∩ {Z = 0}, the line QP
contains exactly q + 1 points of X . This implies that QP is Fq2-rational and hence,
Q is Fq2-rational. We can assume that Q = R. Then, πR(ℓ) ∈ Sing(X
′) \ {Z = 0}.
This is a contradiction.
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